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Àííîòàöèÿ

Â äàííîé ðàáîòå ñ�îðìóëèðîâàíû äâà âàæíûõ ïðèíöèïà � ìóëüòèïëè-

êàòèâíîñòü âèäà (â ìíîãîìåðíîì ñëó÷àå) è �èíèòíîñòü (ñîñðåäîòî÷åí-

íîñòü íîñèòåëåé îêîëî óçëîâ àïïðîêñèìàöèîííîé ñåòêè) � ïðè âûáîðå

àïïðîêñèìàöèîííîãî áàçèñà è ÿäåðíîé �óíêöèè äëÿ êîíñòðóèðîâàíèÿ

ýêîíîìè÷íîãî âû÷èñëèòåëüíîãî (êîìïüþòåðíîãî) àëãîðèòìà ïðèáëèæå-

íèÿ âåðîÿòíîñòíîé ïëîòíîñòè ïî çàäàííîé âûáîðêå. Ñ ó÷åòîì îñîáåí-

íîñòåé ðàññìàòðèâàåìîé ñåòî÷íîé âû÷èñëèòåëüíîé ñõåìû, ïðåäëîæåíû

íîâûå êðèòåðèè äëÿ îïòèìàëüíîãî âûáîðà ÿäåðíîé �óíêöèè, âêëþ÷à-

þùèå ïðàâèëüíûå ñî÷åòàíèÿ âòîðûõ ìîìåíòîâ è èíòåãðàëîâ îò êâàä-

ðàòà ýòèõ �óíêöèé, îïðåäåëÿþùèõ îäíîâðåìåííî êîìïîíåíòû ñìåùå-

íèÿ è ñòîõàñòè÷åñêèå êîìïîíåíòû ñðåäíåêâàäðàòè÷åñêîé ïîãðåøíîñòè

ðàññìàòðèâàåìîãî ÿäåðíîãî àëãîðèòìà. Îñîáî âûäåëåí âàæíûé ÷àñò-

íûé ñëó÷àé � ìíîãîìåðíûé àíàëîã ïîëèãîíà ÷àñòîò (çäåñü âûáèðàåìàÿ

ÿäåðíàÿ �óíêöèÿ ÿâëÿåòñÿ êóñî÷íî-ïîñòîÿííîé), äëÿ êîòîðîãî óäàåòñÿ

íàéòè ïàðàìåòðû îáåñïå÷èâàþùèå ìèíèìàëüíîñòü çàòðàò (ïðè çàäàí-

íîì óðîâíå ïîãðåøíîñòè). Íà òåñòîâîì ïðèìåðå ïîêàçàíî, ÷òî âûáîð

èçâåñòíûõ òèïîâ ÿäåðíûõ �óíêöèé, îòëè÷íûõ îò êóñî÷íî-ïîñòîÿííûõ,

íå ïîçâîëÿåò ïðîâîäèòü îïòèìèçàöèþ àëãîðèòìà è óâåëè÷èâàåò âðåìÿ

âû÷èñëåíèé (ïðè çàäàííîì óðîâíå ïîãðåøíîñòè).

©Øëûìáåòîâ Í.Õ., Ñåéòìóðàòîâ Ó.Ï., Âîéòèøåê À.Â., 2026

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 2, Ñ. 200-218

Mat. Trudy, 2026, V. 29, N. 2, P. 200-218



Øëûìáåòîâ Í.Õ., Ñåéòìóðàòîâ Ó.Ï., Âîéòèøåê À.Â. 201

Êëþ÷åâûå ñëîâà è �ðàçû

âû÷èñëèòåëüíûé (êîìïüþòåðíûé) �óíêöèîíàëüíûé ÿäåðíûé àëãî-

ðèòì, âûáîð àïïðîêñèìàöèîííîãî áàçèñà, âûáîð ÿäåðíîé �óíêöèè,

ìóëüòèïëèêàòèâíûé âèä âûáèðàåìûõ �óíêöèé, �èíèòíîñòü âûáèðàå-

ìûõ �óíêöèé, ñðåäíåêâàäðàòè÷åñêàÿ ïîãðåøíîñòü, ìíîãîìåðíûé àíà-

ëîã ïîëèãîíà ÷àñòîò.

Èñòî÷íèê �èíàíñèðîâàíèÿ
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Abstra
t

This paper formulates two important prin
iples � multipli
ativity of

the form (in the multivariate 
ase) and �niteness (
on
entration of

supports near the nodes of the approximation grid) � when 
hoosing the

approximation basis and the kernel fun
tion for 
onstru
ting a 
ost-e�e
tive


omputational (
omputer) algorithm for approximating a probability

density from a given sample. Taking into a

ount the features of the


onsidered grid-based 
omputational s
heme, new 
riteria for the optimal


hoi
e of the kernel fun
tion are proposed. These in
lude appropriate


ombinations of the se
ond moments and the integrals of the squares of

these fun
tions, whi
h simultaneously determine the bias 
omponents and

the sto
hasti
 
omponents of the root-mean-square error of the 
onsidered

kernel algorithm. A parti
ularly important spe
ial 
ase is highlighted

� the multivariate analog of the frequen
y polygon (where the 
hosen

kernel fun
tion is pie
ewise 
onstant) � for whi
h it is possible to �nd

parameters that ensure minimal 
omputational 
ost (for a given error

level). A test example demonstrates that the 
hoi
e of known types of

kernel fun
tions, di�erent from pie
ewise 
onstant ones, does not allow for

algorithm optimization and in
reases 
omputation time (for a given error

level).
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Â íàøåé ðàáîòå [1℄ îòìå÷åíî, ÷òî ïðè îáðàáîòêå áîëüøèõ äàííûõ (íà-

ïðèìåð, ïðè ïðèìåíåíèè òåõíîëîãèé ìàøèííîãî îáó÷åíèÿ) àêòóàëüíûì

îêàçûâàåòñÿ èñïîëüçîâàíèå ýêîíîìè÷íûõ àëãîðèòìîâ êîìïüþòåðíîãî ïðè-

áëèæåíèÿ íåèçâåñòíîé âåðîÿòíîñòíîé ïëîòíîñòè fξ(x) ïî çàäàííîé âûáîð-

êå {ξ1, ..., ξn} ñ çàäàííûì óðîâíåì ïîãðåøíîñòè ∆ > 0 íà âñåé êîìïàêòíîé
îáëàñòè ðàñïðåäåëåíèÿ X ⊂ R

d
. Çäåñü õîðîøèìè ñâîéñòâàìè îáëàäàåò

ñëåäóþùèé âû÷èñëèòåëüíûé �óíêöèîíàëüíûé ÿäåðíûé àëãîðèòì.

Íå îãðàíè÷èâàÿ îáùíîñòè, ïðåäïîëîæèì, ÷òî êîíå÷íûå ãðàíèöû

a(k), b(k), k = 1, ...d îáëàñòè X ìîæíî ââåñòè òàêèì îáðàçîì, ÷òîáû â X
ìîæíî áûëî áû ââåñòè ðàâíîìåðíóþ ñåòêó ñ øàãîì h âèäà

yi = yJi
=
(

a(1) + j
(1)
i h, ..., a(d) + j

(d)
i h

)

; i = 1, ...,M ; Ji =
(

j
(1)
i , ..., j

(d)
i

)

,

(1)

j
(m)
i = 0, 1, ...,Mm; m = 1, ..., d; M = (M1 + 1)× ...× (Md + 1);

ñ øàãîì h = (b(m) − a(m))/Mm; m = 1, ..., d.
ÀË�Î�ÈÒÌ. Âûáåðåì ÿäåðíóþ �óíêöèþ κ(x)(z) (ñì., íàïðèìåð, [2�4℄)

òàêóþ, ÷òî fξ(x) ≈
∫

X
fξ(z)κ

(x)(z) dz = Eκ(x)(ξ) äëÿ âñåõ x ∈ X. �åàëè-

çóåì íà êîìïüþòåðå ñîîòâåòñòâóþùèå ïðèáëèæåíèÿ fξ(yi) ≈ f̃
(yi)

ξ
(n) =

1
n

∑n
j=1 κ

(yi)
(

ξj
)

; i = 1, ...,M (çäåñü {ξ1, ..., ξn} � çàäàííàÿ âûáîðêà èëè åå

ïîäìíîæåñòâî) è ñòðîèì îêîí÷àòåëüíóþ êëàññè÷åñêóþ êîìïüþòåðíóþ

àïïðîêñèìàöèþ (ñì., íàïðèìåð, ãëàâû 2 è 4 êíèãè [5℄) ïëîòíîñòè fξ(x):

fξ(x) ≈ L(M,n)f̃ξ(x) =

M
∑

i=1

w(i)
[

f̃ξ(n)
]

χ(i)(x), (2)

ãäå f̃ξ(n) =
(

f̃
(y1)

ξ
(n), ..., f̃

(yM )

ξ
(n)
)

.

Â �îðìóëå (2) χ(M) =
{

χ(1)(x), ..., χ(M)(x)
}

� çàäàííûé íàáîð �óíê-

öèé (àïïðîêñèìàöèîííûé áàçèñ), à W(M) =
{

w(1)
(

fξ

)

, ..., w(M)
(

fξ

)}

�

íàáîð àïïðîêñèìàöèîííûõ êîý��èöèåíòîâ, ÿâëÿþùèõñÿ, êàê ïðàâèëî, ëè-

íåéíûìè êîìáèíàöèÿìè çíà÷åíèé fξ =
(

fξ(y1), ..., fξ(yM)
)

ïðèáëèæàåìîé

�óíêöèè fξ(x) â óçëàõ ñåòêè (1) âèäà

w(i)
(

fξ

)

= a
(i)
1 fξ (yq1) + ... + a

(i)

s(i)
fξ

(

yq
s(i)

)

; i = 1, ...,M ; (3)

çäåñü ñðåäè íîìåðîâ q1, ..., qs(i) ïðèñóòñòâóåò íîìåð i, à òàêæå âûïîëíåíî

ñîîòíîøåíèå a
(i)
1 + ... + a

(i)

s(i)
= 1.
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Îðèãèíàëüíîñòü ïðåäñòàâëåííîãî àëãîðèòìà è åãî òåîðèè ïî ñðàâíåíèþ

ñ øèðîêî èçâåñòíûìè ¾òî÷å÷íûìè¿ êîíñòðóêöèÿìè (ñì., íàïðèìåð, [2�4℄)

ñîñòîèò â ðàññìîòðåíèè äëÿ ýòîé çàäà÷è ñõåìû èç âû÷èñëèòåëüíîé ìàòå-

ìàòèêè (òàêæå øèðîêî èçâåñòíîé) � ðàçëîæåíèÿ ïðèáëèæàåìîé �óíêöèè

ïî àïïðîêñèìàöèîííîìó áàçèñó (ñì. �îðìóëó (2)). Â ðåçóëüòàòå ïðè îï-

òèìèçàöèè àëãîðèòìà (ñ ïîìîùüþ âûáîðà ïàðàìåòðîâ n,M è �óíêöèé

χ(M), κ(x)(z)) êðîìå òðàäèöèîííûõ äâóõ êîìïîíåíò ñðåäíåêâàäðàòè÷åñêîé

ïîãðåøíîñòè � êîìïîíåíòû ñìåùåíèÿ δ
(L2)
bias (M) =

∥

∥

∥
L(M)fξ − L(M)f̄ξ

∥

∥

∥

L2(X)

è ñòîõàñòè÷åñêîé êîìïîíåíòû δ
(L2)
stoch(M,n) =

∫

X
DL(M,n)f̃ξ(x) dx (ñì. [2�4℄,

à òàêæå ðàçäåë 4 äàííîé ðàáîòû) � ñëåäóåò ðàññìàòðèâàòü ñîîòâåòñòâóþ-

ùóþ êîìïîíåíòó àïïðîêñèìàöèè δ
(L2)
appr(M) =

∥

∥

∥
fξ − L(M)fξ

∥

∥

∥

L2(X)
:

[

E

∥

∥

∥
fξ − L(M,n)f̃ξ

∥

∥

∥

L2(X)

]2

≤ 2
[

δ(L2)
appr(M)

]2
+2
[

δ
(L2)
bias (M)

]2

+δ
(L2)
stoch(M,n) (4)

(ïîäðîáíîñòè ñì. â íàøåé ðàáîòå [6℄); çäåñü L(M)fξ(x) =
∑M

i=1w
(i)
[

fξ

]

χ(i)(x)

� àïïðîêñèìàöèÿ �óíêöèè fξ(x) ïî òî÷íûì çíà÷åíèÿì

fξ =
(

fξ(y1), ..., fξ(yM)
)

â óçëàõ ñåòêè (1) è L(M)f̄ξ(x) =
∑M

i=1w
(i)
[

f̄ξ

]

χ(i)(x)

äëÿ f̄ξ =
(

Eκ(y1)(ξ), ...,Eκ(yM )(ξ)
)

. Êðîìå òîãî, ïðè îïòèìèçàöèè àëãîðèò-

ìà ñëåäóåò ðàññìàòðèâàòü ïðîáëåìó ìèíèìèçàöèè åãî çàòðàò.

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî äëÿ ïîëó÷åíèÿ îïòèìèçèðîâàííûõ âåð-

ñèé ñ�îðìóëèðîâàííîãî ÿäåðíîãî àëãîðèòìà öåëåñîîáðàçíûì ÿâëÿåòñÿ ïðè-

ìåíåíèå äâóõ � âïîëíå ¾åñòåñòâåííûõ¿ � ïðèíöèïîâ ïðè âûáîðå �óíêöèé

χ(M)
è κ(x)(z): ìóëüòèïëèêàòèâíîñòü âèäà (ïðåäñòàâèìîñòü â âèäå ïðî-

èçâåäåíèÿ îäíîòèïíûõ �óíêöèé îäíîãî ïåðåìåííîãî äëÿ êàæäîé êîìïî-

íåíòû) � â ìíîãîìåðíîì ñëó÷àå è �èíèòíîñòü (ñîñðåäîòî÷åííîñòü íîñèòå-

ëåé îêîëî óçëîâ ñåòêè (1)). Êðîìå òîãî, â äàííîé ðàáîòå ïðåäëîæåíû íî-

âûå êðèòåðèè äëÿ îïòèìàëüíîãî âûáîðà ÿäåðíîé �óíêöèè, âêëþ÷àþùèå

ïðàâèëüíûå ñî÷åòàíèÿ âòîðûõ ìîìåíòîâ è èíòåãðàëîâ îò êâàäðàòà ýòèõ

�óíêöèé, îïðåäåëÿþùèõ îäíîâðåìåííî êîìïîíåíòû ñìåùåíèÿ è ñòîõàñòè-

÷åñêèå êîìïîíåíòû ñðåäíåêâàäðàòè÷åñêîé ïîãðåøíîñòè ðàññìàòðèâàåìî-

ãî ÿäåðíîãî àëãîðèòìà. Íà òåñòîâîì ïðèìåðå ïîêàçàíà öåëåñîîáðàçíîñòü

èñïîëüçîâàíèÿ ìíîãîìåðíîãî àíàëîãà ïîëèãîíà ÷àñòîò [1℄ (çäåñü âûáèðàå-

ìàÿ ÿäåðíàÿ �óíêöèÿ ÿâëÿåòñÿ êóñî÷íî-ïîñòîÿííîé), äëÿ êîòîðîãî, â òîì

÷èñëå, óäàåòñÿ íàéòè ïàðàìåòðû, îáåñïå÷èâàþùèå ìèíèìàëüíîñòü çàòðàò

(ïðè çàäàííîì óðîâíå ïîãðåøíîñòè ∆ > 0).
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� 2. Î âûáîðå àïïðîêñèìàöèîííîãî áàçèñà χ(M)

Ñîãëàñíî îáùåé òåîðèè êîìïüþòåðíûõ ñåòî÷íûõ ïðèáëèæåíèé �óíê-

öèé (ñì., íàïðèìåð, ãëàâû 2 è 4 êíèãè [5℄), áàçèñ χ(M)
è àïïðîêñèìàöèîí-

íûå êîý��èöèåíòû W(M)
ñëåäóåò âûáèðàòü òàêèì îáðàçîì, ÷òîáû îáåñ-

ïå÷èòü îïðåäåëåííûé (íàïðèìåð, r-é) ïîðÿäîê àïïðîêñèìàöèè ïî øàãó h
ñåòêè (1), ò. å. äëÿ êîìïîíåíòû àïïðîêñèìàöèè èç ñîîòíîøåíèÿ (4) äîëæíî

âûïîëíÿòüñÿ íåðàâåíñòâî âèäà

δ(L2)
appr(M) ≤ Hrh

r = H̃r ×M−r/d (5)

äëÿ íåêîòîðûõ êîíñòàíò Hr è H̃r. Îòìåòèì òàêæå, ÷òî äëÿ ìèíèìèçàöèè

êîìïîíåíòû ñìåùåíèÿ δ
(L2)
bias (M) è ñòîõàñòè÷åñêîé êîìïîíåíòû δ

(L2)
stoch(M,n)

èç ñîîòíîøåíèÿ (4) âûáîð �óíêöèé χ(M)
è êîý��èöèåíòîâ W(M)

äîë-

æåí îáåñïå÷èâàòü îòíîñèòåëüíóþ ìàëîñòü ò. í. êîíñòàíòû óñòîé÷èâîñòè

K(stab) = K(χ(M)) × K(W(M))
, ãäå K(χ(M)) = supx∈X

∑M
i=1

∣

∣χ(i)(x)
∣

∣

� ò. í.

¾êîíñòàíòà Ëåáåãà¿ (ñì., íàïðèìåð, ðàçäåë 3.1 êíèãè [7℄), à K(W(M)) =

maxi=1,...,M

(
∣

∣

∣
a
(i)
1

∣

∣

∣
+ ...+

∣

∣

∣
a
(i)

s(i)

∣

∣

∣

)

(ñì. �îðìóëó (3)) � ò. í. ¾êîíñòàíòà êîì-

ïàêòíîñòè êîý��èöèåíòîâ¿ [1℄.

Ñëåäóÿ íàøåé ðàáîòå [1℄, ìîæíî îòìåòèòü, ÷òî íàèëó÷øèìè ñâîéñòâà-

ìè äëÿ âûïîëíåíèÿ ñ�îðìóëèðîâàííûõ âûøå ïðèíöèïîâ è ñîîòíîøåíèé

îáëàäàåò ò. í. ¾àïïðîêñèìàöèè Ñòðåíãà�Ôèêñà¿ (ñì. ãëàâó 2 êíèãè [8℄) ñ

áàçèñíûìè �óíêöèÿìè

χ(i)(x) = χ̂(i,r−1)(x) = B(r−1)

[

x(1) − a(1)

h
−j

(1)
i

]

×...×B(r−1)

[

x(d) − a(d)

h
−j

(d)
i

]

(6)
äëÿ ñåòêè (1); çäåñü �óíêöèÿ B(r−1)(w) îáîçíà÷àåò B-ñïëàéí (r − 1)-ãî
ïîðÿäêà, êîòîðûé îïðåäåëÿåòñÿ ðåêóððåíòíûì ñîîòíîøåíèåì

B(r−1)(w) = B(r−2) ∗B(0)(w) =
∫∞
−∞B(r−2)(w − v)B(0)(v) dv; r = 2, 3, ...,

ãäå B(0)(w) =

{

1 ïðè − 1/2 ≤ w ≤ 1/2;
0 ïðè |w| > 1/2.

Ìóëüòèïëèêàòèâíàÿ êîíñòðóêöèÿ (6) ïîçâîëÿåò îáîñíîâûâàòü öåëûé

ðÿä ñâîéñòâ �óíêöèé àïïðîêñèìàöèîííîãî áàçèñà, èñïîëüçóÿ ìåòîä ìà-

òåìàòè÷åñêîé èíäóêöèè ïî ðàçìåðíîñòè d. Òàê, èñïîëüçóÿ ýòîò ìåòîä (à

òàêæå äîïîëíèòåëüíóþ èíäóêöèþ ïî ïîðÿäêó (r−1) èñïîëüçóåìûõ ñïëàé-
íîâ) íåñëîæíî ïîêàçàòü, ÷òî áàçèñ (6) ÿâëÿåòñÿ ðàçëîæåíèåì åäèíèöû, ò. å.

∑

i χ̂
(i,r−1)(x) ≡ 1 äëÿ âñåõ r = 1, 2, 3, ... è x ∈ R

d
(ñì., íàïðèìåð, [1℄). Èç

ISSN 1560-750X (Print) ISSN 3033-8271 (Online)

Ìàòåìàòè÷åñêèå òðóäû, 2026, Òîì 29, � 2, C. 200-218

Mat. Trudy, 2026, V. 29, N. 2, P. 200-218



206 Ïðèíöèïû âûáîðà àïïðîêñèìàöèîííîãî áàçèñà

ïîñëåäíåãî óòâåðæäåíèÿ ñëåäóåò, ÷òî äëÿ áàçèñà (6) âûïîëíåíî ðàâåíñòâî

K(χ(M)) = 1.
Â ðàáîòå [1℄ ïîêàçàíà öåëåñîîáðàçíîñòü èñïîëüçîâàíèÿ áàçèñà (6) äëÿ

r = 2. Çäåñü èíäóêöèåé ïî d óäàëîñü ïîëó÷èòü ñîîòíîøåíèå (5) ñ êîíñòàí-

òîé H2 =
√
mesX
8

×
∑d

s=1maxx∈X

∣

∣

∣

∣

∂2

∂(x(s))
2fξ(x)

∣

∣

∣

∣

; ïðè ýòîì âûïîëíåíèå íåðà-

âåíñòâà îáåñïå÷èâàþò ïðîñòåéøèå êîý��èöèåíòû w(i)
(

fξ

)

= fξ (yi) ; i =

1, ...,M , äëÿ êîòîðûõ K(W(M)) = 1. Åùå îäíèì àðãóìåíòîì â ïîëüçó ïðèìå-

íåíèÿ áàçèñà (6) äëÿ r = 2 ÿâëÿåòñÿ òî, ÷òî êîìïîíåíòà ñìåùåíèÿ δ
(L2)
bias (M)

èç ñîîòíîøåíèÿ (4) èìååò (êàê è êîìïîíåíòà δ
(L2)
appr(M) èç ñîîòíîùåíèÿ (5)

äëÿ r = 2) ïîðÿäîê h2
ïî øàãó ñåòêè (1) (ñì. äàëåå �îðìóëó (15)).

Äëÿ ñëó÷àÿ r > 2, ïî-âèäèìîìó, âåðíî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà. Åñëè �óíêöèÿ fξ(x) ïðèíàäëåæèò ñîáîëåâñêîìó ïðîñòðàí-

ñòâó W
r
2(X), è â ïðèáëèæåíèè ïî òî÷íûì çíà÷åíèÿì L(M)fξ(x) èñïîëüçî-

âàíû �óíêöèè àïïðîêñèìàöèîííîãî áàçèñà (6), òî íàéäóòñÿ òàêèå êîý�-

�èöèåíòû W(M)
, ÷òî ñïðàâåäëèâî íåðàâåíñòâî (5), ãäå (r − 1) � ïîðÿäîê

ñïëàéíîâ â �îðìóëå (6).

Âî âñÿêîì ñëó÷àå, äëÿ r = 4 (ò. å. äëÿ êóáè÷åñêèõ ñïëàéíîâ (6)) äëÿ

ðàçìåðíîñòè d = 1 îöåíêà âèäà (5) äëÿ fξ ∈ W
4
2[a, b] ïîëó÷åíà â ãë. 9 êíèãè

[9℄ äëÿ êîý��èöèåíòîâ

w(i) (fξ) = −1

6
fξ(yi − h) +

4

3
fξ(yi)−

1

6
fξ(yi + h); i = 2, ...,M − 1

(ýòî êîìáèíàöèÿ çíà÷åíèé �óíêöèè fξ(x) â òðåõ óçëàõ ñåòêè, âêëþ÷àÿ óçåë
yi = a+(i−1)h, ò. å. â �îðìóëå (3) èìååì s(i) = 3). Ýòîò ðåçóëüòàò îáîáùåí
â [10℄ íà ñëó÷àé ïðîèçâîëüíîãî d, è ïîëó÷åíà îöåíêà (5) ñ êîíñòàíòîé H4 =

0.030382×mesX ×∑d
s=1maxx∈X

∣

∣

∣

∣

∂4

∂(x(s))
4fξ(x)

∣

∣

∣

∣

äëÿ êîý��èöèåíòîâ âèäà

w(i)
(

fξ

)

=

(

4

3

)d
∑

k∈{−1,0,+1}d

fξ (yJi+k)

(−8)|k(1)|+...+|k(d)| , ãäå k =
(

k(1), ..., k(d)
)

;

çäåñü çàäåéñòâîâàíû óæå s(i) = 3d çíà÷åíèé �óíêöèè fξ(x).

Òåì íå ìåíåå, ñëåäóÿ ðàáîòå [1℄, îòìåòèì, ÷òî ïðè èñïîëüçîâàíèè ñ�îð-

ìóëèðîâàííîãî âûøå ÿäåðíîãî àëãîðèòìà ðàññìîòðåíèå ñëó÷àåâ r > 2 â

�îðìóëå (6), à òàêæå áàçèñîâ, îòëè÷íûõ îò (6), ïðèâîäèò ê ñóùåñòâåííîìó

óñëîæíåíèþ âûáîðà ïîäõîäÿùèõ (îáåñïå÷èâàþùèõ îïòèìàëüíûé ïîðÿäîê

ïîãðåøíîñòè ïî øàãó h ñåòêè (1)) êîý��èöèåíòîâ W(M)
è ðàäèêàëüíîìó

âîçðàñòàíèþ îáîèõ ìíîæèòåëåé â âûðàæåíèè äëÿ ñîîòâåòñòâóþùåé êîí-

ñòàíòû óñòîé÷èâîñòè K(stab) = K(χ(M)) ×K(W(M))
.
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� 3. Î âûáîðå ÿäåðíîé �óíêöèè κ(x)(z)

Ïî àíàëîãèè ñ ðàáîòîé [2℄ áóäåì âûáèðàòü ÿäåðíóþ �óíêöèþ â âèäå

κ(x)(z) =

d
∏

s=1

1

ĥ
K

(

x(s) − z(s)

ĥ

)

; z =
(

z(1), ...z(d)
)

, (7)

ãäå ïîëîæèòåëüíîå ÷èñëî ĥ îïðåäåëÿþò íîñèòåëü (¾êîý��èöèåíò ðàçìû-

òîñòè¿) ÿäåðíîé �óíêöèè κ(x)(z), à îãðàíè÷åííàÿ íåîòðèöàòåëüíàÿ �óíê-
öèÿ K(y) ÿâëÿåòñÿ ñèììåòðè÷íîé îòíîñèòåëüíî íóëÿ (÷åòíîé) âåðîÿòíîñò-
íîé ïëîòíîñòüþ: K(y) = K(−y) è

∫ +∞
−∞ K(y) dy = 1.

Îáðàòèì âíèìàíèå íà òî, ÷òî êîíñòðóêöèÿ ÿäåðíîé �óíêöèè (7) àíàëî-

ãè÷íà ìóëüòèïëèêàòèâíîé êîíñòðóêöèè (6). Òàêàÿ êîíñòðóêöèÿ ïîçâîëÿåò

ïåðåíåñòè ñâîéñòâà îäíîìåðíûõ ÿäåðíûõ �óíêöèé, îïðåäåëÿåìûõ òåìè

èëè èíûìè îáðàçóþùèìè �óíêöèÿìè K(y), íà ìíîãîìåðíûé ñëó÷àé, ðåà-

ëèçóÿ ñîîòâåòñòâóþùóþ èíäóêöèþ ïî ðàçìåðíîñòè d. Ïîýòîìó äàëåå � äëÿ
ïðîñòîòû èçëîæåíèÿ � ðàññìîòðèì îäíîìåðíûé ñëó÷àé �óíêöèè (7) âèäà

κ(x)(z) =
1

h̃
K

(

x− z

h̃

)

.

Çàìåòèì òàêæå, ÷òî îïòèìàëüíàÿ (ñ òî÷êè çðåíèÿ ìèíèìàëüíîé òðó-

äîåìêîñòè) êîìïüþòåðíàÿ ðåàëèçàöèÿ ñ�îðìóëèðîâàííîãî âûøå ÿäåðíîãî

àëãîðèòìà ïîëó÷àåòñÿ â ñëó÷àå, êîãäà êîý��èöèåíò ðàçìûòîñòè h̃ ðàâåí

øàãó ñåòêè h (ñì. �îðìóëó (1)), è, êðîìå òîãî, �óíêöèÿ K(y) äîëæíà áûòü
ïîëîæèòåëüíà òîëüêî íà èíòåðâàëå |y| < 1/2:

κ(x)(z) =
1

h
K

(

x− z

h

)

; K(y) > 0 ïðè |y| < 1

2
è K(y) = 0 ïðè |y| > 1

2
.

(8)
Â ýòîì ñëó÷àå êàæäîå èç èñïîëüçóåìûõ âûáîðî÷íûõ çíà÷åíèé ξj ; j =

1, ..., n ïîïàäàåò òîëüêî â îäèí èç êóáîâ D(yi); i = 1, ...,M , ãäå

D(x) =
{

z =
(

z(1), ..., z(d)
)

: x(s) − h/2 ≤ z(s) < x(s) + h/2; s = 1, ..., d
}

.

Ïóñòü t � âðåìÿ îïðåäåëåíèÿ òîãî, â êàêîé èç êóáîâ D(yi)
ïîïàäàåò

î÷åðåäíîå âûáîðî÷íîå çíà÷åíèå ξj. Íåñëîæíî äîáèòüñÿ òîãî, ÷òîáû âðåìÿ

t íå çàâèñåëî îò ÷èñëà M êóáîâ D(yi)
.

Äåéñòâèòåëüíî, åñëè âûáîðî÷íîå çíà÷åíèå ξj èìååò êîìïîíåíòû ξj =
(

ξ
(1)
j , ..., ξ

(d)
j

)

, à M = M1 × ... × Md (ãäå Mm � ÷èñëî ðàçáèåíèé îòðåçêà

[a(m), b(m)] äëÿ X = [a(1), b(1)]× ...× [a(d), b(d)]; ò. å. h = b(m)−a(m)

Mm
; m = 1, ..., d
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� ñì. �îðìóëó (1)), òî îïðåäåëèòü íîìåð sm ïîëóèíòåðâàëà ðàçáèåíèÿ îò-

ðåçêà [a(m), b(m)], â êîòîðûé ïîïàäàåò ñëó÷àéíàÿ êîìïîíåíòà ξ
(m)
j , ìîæíî

ïî �îðìóëå

sm =

[

ξ
(m)
j − a(m)

h

]

+ 1; m = 1, ..., d,

ãäå [A] � öåëàÿ ÷àñòü ÷èñëà A. Òàêèì îáðàçîì, çàòðàòû îïòèìèçèðîâàííûõ

âåðñèé ÿäåðíîãî àëãîðèòìà ÿâíî íå çàâèñÿò îò M .

� 4. Èñïîëüçîâàíèå L2�ïîäõîäà

Ïî àíàëîãèè ñ ðàáîòàìè [2�4℄ ðàññìîòðèì ñëåäóþùèå ðàññóæäåíèÿ î

ñðåäíåêâàäðàòè÷åñêîé ïîãðåøíîñòè äëÿ ¾òî÷å÷íîé¿ ÿäåðíîé îöåíêè

f̃
(x)
ξ (n) = 1

n

∑n
j=1 κ

(x) (ξj) (çäåñü {ξ1, ..., ξn} � çàäàííàÿ îäíîìåðíàÿ âûáîðêà)
� äëÿ íåå ñåòî÷íîå ïðèáëèæåíèå (2) íå ðàññìàòðèâàåòñÿ. Ïðèìåíÿÿ íåðà-

âåíñòâî Êîøè�Áóíÿêîâñêîãî è òåîðåìó Ôóáèíè, ìîæíî ïîëó÷èòü ïðåä-

ñòàâëåíèå ýòîé ïîãðåøíîñòè â âèäå ñóììû êîìïîíåíòû ñìåùåíèÿ è ñòîõà-

ñòè÷åñêîé êîìïîíåíòû:

[

E

∥

∥

∥
fξ(x)− f̃

(x)
ξ (n)

∥

∥

∥

L2(R)

]2

≤
∫ +∞

−∞
E
[

fξ(x)− f̃
(x)
ξ (n)

]2

dx =

=

∫ +∞

−∞

[

fξ(x)−Ef̃
(x)
ξ (n)

]2

dx+

∫ +∞

−∞
Df̃

(x)
ξ (n) dx.

Äàëåå, ñ ó÷åòîì ñîîòíîøåíèÿ (8), â ðàññìàòðèâàåìîì îäíîìåðíîì ñëó-

÷àå èìååì:

Ef̃
(x)
ξ (n) =

1

n

n
∑

j=1

1

h
EK

(

x− ξj
h

)

=

=
1

h

∫ +∞

−∞
K

(

x− u

h

)

fξ(u) du =

∫ +1/2

−1/2

K(v)fξ(x− hv) dv;

çäåñü èñïîëüçîâàíà çàìåíà v = (x− u)/h. �àçëàãàÿ �óíêöèþ fξ(x− hv) â
ðÿä Òåéëîðà ïî ïåðåìåííîé s = hv ïðè h ↓ 0, èìååì

fξ(x− hv) = fξ(x)− hvf ′
ξ(x) +

1

2
(hv)2f ′′

ξ (x) + o(h2); (9)

è ïîýòîìó, ó÷èòûâàÿ òî, ÷òî

∫ +1/2

−1/2
K(v) dv = 1, ñïðàâåäëèâî ñîîòíîøåíèå

Ef̃
(x)
ξ (n) = fξ(x)

∫ +1/2

−1/2

K(v) dv − hf ′
ξ(x)

∫ +1/2

−1/2

vK(v) dv+
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+
h2

2
f ′′
ξ (x)

∫ +1/2

−1/2

v2K(v) dv+o(h2) = fξ(x)+
h2

2
f ′′
ξ (x)

∫ +1/2

−1/2

v2K(v) dv+o(h2).

(10)
Àíàëîãè÷íî, èñïîëüçóÿ ðàçëîæåíèå (9), èìååì

Df̃
(x)
ξ (n) =

1

nh2
DK

(

x− ξ

h

)

=
1

nh2

[

∫ +∞

−∞
K2

(

x− u

h

)

fξ(u) du−

−
(
∫ +∞

−∞
K

(

x− u

h

)

fξ(u) du

)2
]

=
1

nh

[

∫ +∞

−∞
K2(v)fξ(x− hv) dv−

−h

(

∫ +1/2

−1/2

K(v)fξ(x− hv) dv

)2 ]

=
fξ(x)

nh

∫ +1/2

−1/2

K2(v) dv + o(h). (11)

Èñïîëüçóÿ ñîîòíîøåíèÿ (10), (11), ïîëó÷àåì ñëåäóþùèé îäíîìåðíûé

àíàëîã îöåíêè (4):

∫ +∞

−∞
E
[

fξ(x)− f̃
(x)
ξ (n)

]2

dx =

∫ +∞

−∞
E

[

(

fξ(x)− Ef̃
(x)
ξ (n)

)

+

+
(

Ef̃
(x)
ξ (n)− f̃

(x)
ξ (n)

)

]2

dx =

∫ +∞

−∞

(

fξ(x)−Ef̃
(x)
ξ (n)

)2

dx+

+

∫ +∞

−∞
Df̃

(x)
ξ (n) dx ≈ C1(h)

[

∫ +1/2

−1/2

v2K(v) dv

]2

+ C2(n, h)

∫ +1/2

−1/2

K2(v) dv,

(12)

ãäå C1(h) =
h4

∫+∞

−∞
[f ′′

ξ
(x)]

2
dx

4
è C2(n, h) =

1
nh
; çäåñü ó÷òåíû î÷åâèäíûå ñîîò-

íîøåíèÿ

2E

[

(

fξ(x)− Ef̃
(x)
ξ (n)

)

×
(

Ef̃
(x)
ξ (n)− f̃

(x)
ξ (n)

)

]

= 0

è

∫ +∞
−∞ fξ(x) dx = 1.

� 5. Âûáîð ïîêàçàòåëÿ êà÷åñòâà ïðèáëèæåíèÿ

Îòìåòèì ïðåæäå âñåãî ðàáîòó [2℄, â êîòîðîé àâòîð ìèíèìèçèðóåò âå-

ëè÷èíó

∫

K2(y) dy ñ íåîïðåäåëåííûìè èçíà÷àëüíî ïðåäåëàìè èíòåãðèðî-

âàíèÿ â ïðåäïîëîæåíèè, ÷òî

∫

y2K(y) dy = 1, è ïîëó÷àåò âàðèàöèîííóþ
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çàäà÷ó, ðåøåíèåì êîòîðîé ÿâëÿåòñÿ çíàìåíèòîå êâàäðàòè÷íîå ÿäðî (¾ÿäðî

Åïàíå÷íèêîâà¿), ïîëîæèòåëüíîå íà èíòåðâàëå (a, b) =
(

−
√
5,+

√
5
)

.

Äëÿ ðàññìàòðèâàåìûõ â äàííîé ðàáîòå ýêîíîìè÷íûõ âåðñèé âû÷èñ-

ëèòåëüíîãî �óíêöèîíàëüíîãî ÿäåðíîãî àëãîðèòìà èç �àçäåëà 1 ñëåäó-

åò èñïîëüçîâàòü êîý��èöèåíò ðàçìûòîñòè, ðàâíûé h (äëÿ íåãî (a, b) =
(−1/2,+1/2)), è, â ñèëó ñîîòíîøåíèÿ (12), ïðè âûáîðå �óíêöèè K(y) íóæ-

íî îäíîâðåìåííî ó÷èòûâàòü è èíòåãðàë îò êâàäðàòà E
(K)
1 =

∫ +1/2

−1/2
K2(y) dy,

è ¾äèñïåðñèþ¿ E
(K)
2 =

∫ +1/2

−1/2
y2K(y) dy.

Ñëåäóÿ èçâåñòíîé òåõíîëîãèè èç ìàòåìàòè÷åñêîé ñòàòèñòèêè, ìîæíî

ïðåäëîæèòü ïðèðàâíÿòü (ïðè �èêñèðîâàííûõ h è n) ñëàãàåìûå ñóììû â

ïðàâîé ÷àñòè íåðàâåíñòâà (12), ñîîòâåòñòâóþùèå êîìïîíåíòå ñìåùåíèÿ è

ñòîõàñòè÷åñêîé êîìïîíåíòå; ïðè ýòîì âîçíèêàåò ïðîïîðöèÿ âèäà

∫ +1/2

−1/2

y2K(y) dy = C3 ×
√

∫ +1/2

−1/2

K2(y) dy; èëè E
(K)
2 = C3

√

E
(K)
1 ; (13)

çäåñü C3 =
√

C2(n,h)
C1(h)

. Ïðè ýòîì íóæíî ó÷èòûâàòü, ÷òî, ñ ó÷åòîì âûáðàííîãî

íàìè èíòåðâàëà ïîëîæèòåëüíîñòè

(

−1
2
, 1
2

)

�óíêöèè K(y), äîëæíî áûòü

âûïîëíåíî íåðàâåíñòâî Êîøè�Áóíÿêîâñêîãî

∫ +1/2

−1/2

y2K(y) dy ≤
√

1

80
×
√

∫ +1/2

−1/2

K2(y) dy; èëè E
(K)
2 ≤

√

1

80

√

E
(K)
1 .

(14)
Òàêèì îáðàçîì, ïðè ïðèìåíåíèè òåõíîëîãèè ïðèðàâíèâàíèÿ êîìïîíåíò ïî-

ãðåøíîñòè (13) â ÿäåðíîì àëãîðèòìå ïðè âûáîðå ïàðàìåòðîâ n (ýòî êîëè-

÷åñòâî èñïîëüçóåìûõ âûáîðî÷íûõ çíà÷åíèé {ξ1, ..., ξn}) è h (ýòî øàã ñåòêè
(1)) íóæíî ïîçàáîòèòüñÿ î òîì, ÷òîáû áûëî âûïîëíåíî íåðàâåíñòâî

C2(n, h)

C1(h)
=

4
∫ +∞
−∞

[

f ′′
ξ (x)

]2
dx

× 1

nh5
≤ 1

80
.

Â ñâÿçè ñ ñîîòíîøåíèÿìè (12)�(14) íåóäà÷íûì âèäèòñÿ ïðåäëîæåíèå èç

ñòàòüè [11℄, ãäå â êà÷åñòâå ïîêàçàòåëÿ ìàëîñòè ïîãðåøíîñòè ïðèáëèæåíèÿ

f̃
(x)
ξ (n) ïëîòíîñòè fξ(x) ïðåäëîæåíî áðàòü âåëè÷èíó E

(K)
3 = E

(K)
1 ×

√

E
(K)
2 .

Åùå ðàç ïîä÷åðêíåì, ÷òî äëÿ èññëåäóåìîãî â äàííîé ñòàòüå ÿäåðíîãî

àëãîðèòìà ìû äîëæíû ðàññìàòðèâàòü ÿäðà K(y), èìåþùèå îòëè÷íûå îò
íóëÿ (ïîëîæèòåëüíûå) çíà÷åíèÿ íà èíòåðâàëå

(

−1
2
, 1
2

)

. Êðîìå òîãî, ñ ó÷å-

òîì ñîîòíîøåíèé (12)�(14) ìû ïðåäëàãàåì èñïîëüçîâàòü ïðè âûáîðå �óíê-

öèè K(v) ïîêàçàòåëè ìàëîñòè ïîãðåøíîñòè ïðèáëèæåíèÿ f̃
(x)
ξ (n) ïëîòíî-

ñòè fξ(x) âèäà E
(K)
4 =

√

E
(K)
1 ×E

(K)
2 , à ëó÷øå äàæå E

(K)
5 =

√

E
(K)
1 +E

(K)
2 .
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K∗(y) E
(K)
1 E

(K)
2 E

(K)
3 E

(K)
4 E

(K)
5

K∗
1 (y) ≡ 1 1.000 0.083 0.289 0.083 1.083

K∗
2 (y) = 3/2− 6y2 1.200 0.050 0.268 0.055 1.145

K∗
3 (y) =

π
2
cos(πy) 1.234 0.047 0.268 0.053 1.158

K∗
4 (y) = 2− 4y 1.333 0.042 0.273 0.048 1.197

K∗
5 (y) =

140
81

(1− 8y3)3 1.417 0.036 0.269 0.043 1.226

K∗
6 (y) =

15
8
(1− 4y2)2 1.429 0.036 0.270 0.043 1.231

Òàáëèöà 1. Ñðàâíåíèå ïîêàçàòåëåé ìàëîñòè ïîãðåøíîñòè

ïðèáëèæåíèÿ f̃
(x)
ξ (n) ïëîòíîñòè fξ(x) äëÿ ðàçíûõ ÿäåð

Â Òàáëèöå 1 ïîêàçàíû íàèáîëåå óïîòðåáèìûå ÿäðà èç ñòàòüè [11℄, âçÿ-

òûå íà èíòåðâàëå

(

−1
2
, 1
2

)

(ñì. ñîîòíîøåíèå (8)) � âìåñòî èíòåðâàëà (−1, 1)
èç [11℄. Â ïåðâîì ñòîëáöå Òàáëèöû 1 ïîêàçàíû ðàçëè÷íûå òèïû �óíêöèè

K∗(y), îïðåäåëåííîé íà ïîëóèíòåðâàëå [0, 1/2) è òàêîé, ÷òî K(y) = K∗(y)
ïðè y ≥ 0 è K(y) = K∗(−y) ïðè y ≤ 0. Â îñòàëüíûõ ñòîëáöàõ ïðèâåäåíû

ïîêàçàòåëè ìàëîñòè ïîãðåøíîñòè ïðèáëèæåíèÿ f̃
(x)
ξ (n) ïëîòíîñòè fξ(x).

� 6. Î ïðåèìóùåñòâàõ èñïîëüçîâàíèÿ

ìíîãîìåðíîãî àíàëîãà ïîëèãîíà ÷àñòîò

Èç Òàáëèöû 1 âèäíî, ÷òî èç-çà îòíîñèòåëüíîé ìàëîñòè èíòåðâàëà

(

−1
2
, 1
2

)

âåëè÷èíà ¾äèñïåðñèè¿ (âòîðîãî ìîìåíòà) E
(K)
2 =

∫ +1/2

−1/2
y2K(y) dy

ÿäåðíîé �óíêöèè K(y) áîëåå ÷åì íà ïîðÿäîê ìåíüøå èíòåãðàëà îò êâàä-

ðàòà ýòîé �óíêöèè E
(K)
1 =

∫ +1/2

−1/2
K2(y) dy (÷òî âïîëíå ñîîòâåòñòâóåò íåðà-

âåíñòâó Êîøè�Áóíÿêîâñêîãî (14)), òàê ÷òî â äàííîé ñèòóàöèè ïî-ñâîåìó

îïðàâäàí ïîäõîä èç ðàáîòû [2℄, â êîòîðîé ïðåäëàãàëîñü èãíîðèðîâàòü èç-

ìåíåíèå çíà÷åíèÿ E
(K)
2 . Â ñâÿçè ñ ïîñëåäíèì çàìå÷àíèåì áîëåå ïåðñïåê-

òèâíûì äëÿ èñïîëüçîâàíèÿ â ðàññìàòðèâàåìîì â äàííîé ðàáîòå âû÷èñëè-

òåëüíîì ÿäåðíîì àëãîðèòìå ÿâëÿåòñÿ ïðåäëàãàåìûé íàìè íîâûé ïîêàçà-

òåëü E
(K)
5 . Ê ñëîâó, ïî ýòîìó ïîêàçàòåëþ (êàê è ïî ¾áîëåå âåñîìîìó¿ �

ïî ñðàâíåíèþ ñ E
(K)
2 � ïîêàçàòåëþ E

(K)
1 ) êóñî÷íî-ïîñòîÿííîå ÿäðî K∗

1 (y)
èìååò îïðåäåëåííîå ïðåèìóùåñòâî. ßäåðíûé àëãîðèòì ñ òàêîé �óíêöè-

åé K∗(v) è ñ áàçèñíûìè �óíêöèÿìè (6) äëÿ r = 2 è ñ êîý��èöèåíòàìè

w(i)
(

fξ

)

= fξ (yi) ; i = 1, ...,M íàçâàí íàìè â [1℄ ìíîãîìåðíûì àíàëîãîì

ïîëèãîíà ÷àñòîò.

Îñîáî îòìåòèì, ÷òî ïîêà òîëüêî äëÿ ýòîãî àëãîðèòìà óäàëîñü ïîëó÷èòü

âûðàæåíèÿ äëÿ óñëîâíî-îïòèìàëüíûõ ïàðàìåòðîâ: ÷èñëà n èñïîëüçóåìûõ

âûáîðî÷íûõ çíà÷åíèé è ÷èñëà M óçëîâ ñåòêè (1), êîòîðûå ïîçâîëÿþò ìè-

íèìèçèðîâàòü çàòðàòû àëãîðèòìà ïðè çàäàííîì óðîâíå ñðåäíåêâàäðàòè÷-

íîé ïîãðåøíîñòè ∆.
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Äåéñòâèòåëüíî, èç ðàññóæäåíèé ðàçäåëà 2 ñëåäóåò, ÷òî äëÿ ìíîãîìåð-

íîãî àíàëîãà ïîëèãîíà ÷àñòîò ìîæíî ïîñòðîèòü ñëåäóþùóþ îöåíêó ñâåðõó

äëÿ êîìïîíåíòû àïïðîêñèìàöèè èç ñîîòíîøåíèÿ (4):

δ(L2)
appr(M) ≤ H

(L2)
appr

M2/d
, ãäå H(L2)

appr =

[

H(h→M)
]2√

mesX

8
×

d
∑

s=1

max
x∈X

∣

∣

∣

∣

∣

∂2

∂ (x(s))
2fξ(x)

∣

∣

∣

∣

∣

(15)
è mesX = (b(1)−a(1))× ...×(b(d)−a(d)), à êîíñòàíòà H(h→M)

, òàêîâà, ÷òî h =
H(h→M)M−1/d

. Íåñëîæíî òàêæå ïîëó÷èòü îöåíêè ñâåðõó äëÿ êîìïîíåíòû

ñìåùåíèÿ è äëÿ ñòîõàñòè÷åñêîé êîìïîíåíòû (ïîäðîáíîñòè ñì. â ðàáîòå

[12℄)

δ
(L2)
bias (M) ≤ H

(L2)
bias

M2/d
, ãäå H

(L2)
bias =

[

H(h→M)
]2√

mesX

24
×

d
∑

s=1

max
x∈X

∣

∣

∣

∣

∣

∂2

∂ (x(s))
2 fξ(x)

∣

∣

∣

∣

∣

;

(16)

δ
(L2)
stoch(M,n) ≤ H

(L2)
stochM

n
, ãäå H

(L2)
stoch =

fmax ×mesX

[H(h→M)]
d

è fmax = max
x∈X

fξ(x).

(17)
Çàìåòèì, ÷òî ïîëó÷åíèå ñîîòíîøåíèé âèäà (16) è (17) äëÿ ÿäåð, îòëè÷-

íûõ îò K∗
1 (v) ≡ 1 (íàïðèìåð, äëÿ ÿäåð K∗

i (v); i = 2 − 6 èç òàáëèöû 1),

çàòðóäíåíî.

Äàëåå â òåîðèè óñëîâíîé îïòèìèçàöèè (ñì., íàïðèìåð, [1, 12℄) íóæ-

íî ðåøàòü òàêóþ îïòèìèçàöèîííóþ çàäà÷ó: íàéòè çíà÷åíèÿ M
(L2)
opt (∆) è

n
(L2)
opt (∆), äëÿ êîòîðûõ äîñòèãàåòñÿ ìèíèìóì

min
M,n

S(M,n) = min
M,n

[t× n(M,∆) + S0] (18)

(çäåñü t � êàê è âûøå � âðåìÿ îïðåäåëåíèÿ òîãî, â êàêîé èç êóáîâ D(yi)

ïîïàäàåò î÷åðåäíîå âûáîðî÷íîå çíà÷åíèå ξj, à S0 � âðåìÿ âû÷èñëåíèÿ 2d

íåíóëåâûõ ñëàãàåìûõ f̃
(yi)

ξ
(n)χ(i)(x) â ñóììå (2) äëÿ çàäàííîé òî÷êè x ∈ X)

ïðè óñëîâèè

A
(L2)
1

M4/d
+

A
(L2)
2 M

n
= ∆2, (19)

ãäå

A
(L2)
1 = 2

(

H(L2)
appr

)2
+ 2

(

H
(L2)
bias

)2

=

[

H(h→M)
]4 ×mesX

18
×
(

d
∑

s=1

max
x∈X

∣

∣

∣

∣

∣

∂2

∂ (x(s))
2 fξ(x)

∣

∣

∣

∣

∣

)2
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è

A
(L2)
2 = H

(L2)
stoch =

fmax ×mesX

[H(h→M)]
d

� ñì. ñîîòíîøåíèÿ (15)�(17).

Èç ðàâåíñòâ (18) è (19) èìååì

n =
A

(L2)
2 M

∆2 −A
(L2)
1 /M4/d

è S̃(L2,∆)(M) =
tA

(L2)
2 M

∆2 − A
(L2)
1 /M4/d

+ S0.

Íàéäåì òåïåðü ìèíèìóì �óíêöèè S̃(L2,∆)(M) ïî M . Ïðîäè��åðåíöè-

ðóåì ýòó �óíêöèþ

∂S̃(L2,∆)(M)

∂M
= tA

(L2)
2

[

∆2 − A
(L2)
1

M4/d
− 4A

(L2)
1

d×M4/d

]/[

∆2 − A
(L2)
1

M4/d

]2

è íàéäåì êðèòè÷åñêîå çíà÷åíèå (òî÷êó ìèíèìóìà), à çàòåì è óñëîâíî-

îïòèìàëüíûå ïàðàìåòðû äëÿ L2�ïîäõîäà:

M
(L2)
opt (∆) =

[

A
(L2)
1

]d/4
(

d+ 4

d

)d/4

∆−d/2

è

n
(L2)
opt (∆) =

A
(L2)
2

[

A
(L2)
1

]d/4

(d+ 4)d/4+1

4dd/4
∆−2−d/2. (20)

Â ñëåäóþùåì ðàçäåëå íà òåñòîâîì ïðèìåðå ïîêàçàíî, ÷òî ìíîãîìåðíûé

àíàëîã ïîëèãîíà ÷àñòîò äàåò êàê ìàëóþ ïîãðåøíîñòü, òàê è íàèìåíüøåå

âðåìÿ âû÷èñëåíèé ïî ñðàâíåíèþ ñ äðóãèìè âàðèàíòàìè ðåàëèçàöèè ðàñ-

ñìàòðèâàåìîãî â äàííîé ðàáîòå ÿäåðíîãî àëãîðèòìà.

� 7. Òåñòîâûé ïðèìåð: óñå÷åííîå ýêñïîíåíöèàëüíîå

ðàñïðåäåëåíèå

Ïîêàæåì ïðåèìóùåñòâî âûáîðà êóñî÷íî-ïîñòîÿííîãî ÿäðà K∗
1 (v) íà

ïðèìåðå îäíîìåðíîé âûáîðêè, êîòîðàÿ ìîäåëèðîâàëàñü ÷èñëåííî ïî �îð-

ìóëàì

ξj = − ln
[

1− αj

(

1− e−λL
)]

λ
; j = 1, ..., n; L > 0;λ > 0; (21)

çäåñü αj ∈ U(0, 1) � ñòàíäàðòíûå ñëó÷àéíûå ÷èñëà. Ñèòóàöèÿ çäåñü ÿâ-

ëÿåòñÿ òåñòîâîé ïî òîé ïðè÷èíå, ÷òî ñîîòíîøåíèÿ (21) ïðåäñòàâëÿþò ñî-

áîé �îðìóëû ìåòîäà îáðàòíîé �óíêöèè ðàñïðåäåëåíèÿ äëÿ ÷èñëåííîãî
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ìîäåëèðîâàíèÿ îäíîìåðíîé ñëó÷àéíîé âåëè÷èíû ξ, èìåþùåé ïëîòíîñòü

óñå÷åííîãî ýêñïîíåíöèàëüíîãî ðàñïðåäåëåíèÿ

fξ(x) =
λe−λx

1− e−λL
; 0 < x < L; (22)

(ñì. ïðèìåð 11.7 èç ðàçäåëà 11.6 ó÷åáíèêà [13℄).

Îïðåäåëèì ñîîòâåòñòâóþùèå ïëîòíîñòè (22) îïòèìàëüíûå ïàðàìåòðû

M
(L2)
opt è n

(L2)
opt äëÿ ñîîòâåòñòâóþùåãî ïîëèãîíà ÷àñòîò. Èñïîëüçóåì âûðàæå-

íèÿ (20) äëÿ ðàçìåðíîñòè d = 1, îáëàñòè ðàñïðåäåëåíèÿ X = (0, L) (ïðè
ýòîì mesX = L), êîíñòàíòû H(h→M) = L è ïîëó÷àåì

fmax = fξ(0) =
λ

1− e−λL
, max

x∈X

∣

∣

∣

∣

∂2

∂x2
fξ(x)

∣

∣

∣

∣

=

∣

∣

∣

∣

∂2

∂x2
fξ(0)

∣

∣

∣

∣

=
λ3

1− e−λL

è êîíñòàíòû

A
(L2)
1 = 2×10

9
×
[

L2

8
× λ3

1− e−λL
×
√
L

]2

=
5L5λ6

144(1− e−λL)2
è A

(L2)
2 =

λ

1− e−λL
.

Îòñþäà ïîëó÷àåì óñëîâíî-îïòèìàëüíûå ïàðàìåòðû (20) äëÿ ðàññìàò-

ðèâàåìîãî òåñòîâîãî ïðèìåðà:

M
(L2)
opt (∆) =

√
5

2
√
3
×

4
√
L5

√
λ3

√

∆(1− e−λL)
è n

(L2)
opt (∆) =

√
125

8
√
3

×
4
√
L5

√
λ5

√

∆5(1− e−λL)3
.

Îïèøåì ðåçóëüòàòû òåñòîâûõ ýêñïåðèìåíòîâ. Â ðàñ÷åòàõ èñïîëüçîâà-

ëèñü ñëåäóþùèå ïàðàìåòðû: L = 1, λ = 1, ∆ = 0.004. Ñ ó÷åòîì òîãî, ÷òî

âûáèðàåìûå ïàðàìåòðû M è n äîëæíû áûòü öåëûìè, ïîëó÷àåì çíà÷åíèÿ

M
(L2)
opt (∆) ≈ 12 è n

(L2)
opt (∆) ≈ 1 594 025.

n Ìàêñèìàëüíàÿ óçëîâàÿ îøèáêà Âðåìÿ âû÷èñëåíèÿ êîý��èöèåíòîâ, ñ

K∗

1 (y) K∗

2 (y) K∗

3 (y) K∗

4 (y) K∗

1 (y) K∗

2 (y) K∗

3 (y) K∗

4 (y)
797012 0.0076791 0.0091869 0.0093371 0.0099639 0.070 0.097 0.368 0.098

1195519 0.0056726 0.0078557 0.0080067 0.0085447 0.102 0.159 0.557 0.162

1434622 0.0046682 0.0064523 0.0065404 0.0070954 0.131 0.201 0.691 0.200

1594025 0.00363541 0.0052640 0.0053694 0.0058959 0.155 0.221 0.742 0.226

1753428 0.0043278 0.0049060 0.0050128 0.0055214 0.177 0.260 0.844 0.251

1992531 0.0041707 0.0061136 0.0063294 0.0067802 0.229 0.325 1.237 0.280

2391038 0.0050853 0.0057335 0.0058441 0.0065181 0.292 0.347 1.120 0.328

3188050 0.0039062 0.0037557 0.0038880 0.0043688 0.298 0.486 1.651 0.760

4782075 0.0033518 0.0036725 0.0037671 0.0040358 1.560 1.832 2.883 1.110

7970125 0.0025030 0.0024311 0.0024971 0.0026357 1.173 1.849 5.143 1.761

11955188 0.0016869 0.0019120 0.0019397 0.0023534 1.867 3.031 6.584 2.738

15940250 0.0020310 0.0018295 0.0018569 0.0021032 2.555 4.083 8.867 3.847

Òàáëèöà 2. Ìàêñèìàëüíàÿ óçëîâàÿ îøèáêà è âðåìÿ ðàáîòû ÿäåðíîãî

àëãîðèòìà äëÿ M = 12 è ÷åòûðåõ ÿäåð äëÿ óñå÷åííîãî

ýêñïîíåíöèàëüíîãî ðàñïðåäåëåíèÿ (21).
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Â òàáëèöå 2 ïðèâåäåíû ïîëó÷åííûå çíà÷åíèÿ ìàêñèìàëüíîé óçëîâîé

îøèáêè è âðåìåíè âû÷èñëåíèÿ äëÿ �èêñèðîâàííîãî M = 12 ïðè ðàçëè÷-

íûõ ðàçìåðàõ âûáîðêè n (îíè âûáèðàëèñü êàê äîëè îò íàéäåííîãî îïòè-

ìàëüíîãî çíà÷åíèÿ n
(L2)
opt (∆)) äëÿ ðàçëè÷íûõ ÿäåð èç òàáëèöû 1 (êîíêðåò-

íåå, äëÿ ïîñòîÿííîãî ÿäðà K∗
1(y), êâàäðàòè÷íîãî ÿäðà K∗

2 (y), òðèãîíîìåò-
ðè÷åñêîãî ÿäðà K∗

3(y), è ëèíåéíîãî ÿäðà K∗
4(y)).

Èç òàáëèöû 2 âèäíî, ÷òî ïîëèãîí ÷àñòîò (ò. å. ÿäåðíûé àëãîðèòì ñ

êóñî÷íî-ïîñòîÿííûì ÿäðîì K∗
1(y)) äàåò ïðàêòè÷åñêè âî âñåõ ñëó÷àÿõ è

ìèíèìàëüíóþ ïîãðåøíîñòü, è íàèìåíüøåå âðåìÿ ðåàëèçàöèè àëãîðèòìà.

Àíàëîãè÷íûå ðåçóëüòàòû ïîëó÷èëèñü è ïðè ìåíÿþùåìñÿ ïàðàìåòðåM ;

ê ñëîâó, çäåñü áûëè ïîäòâåðæäåíû ñîîáðàæåíèÿ èç ðàçäåëà 3 äàííîé ðà-

áîòû î òîì, ÷òî çàòðàòû ÿäåðíîãî àëãîðèòìà äëÿ ñëó÷àÿ, êîãäà �èíèòíàÿ

ÿäåðíàÿ �óíêöèÿ K(v) èìååò â êà÷åñòâå íîñèòåëÿ èíòåðâàë

(

−1
2
, 1
2

)

, íå

çàâèñÿò îò ÷èñëà M óçëîâ ñåòêè (1).

� 8. Çàêëþ÷åíèå

Â äàííîé ðàáîòå ñ�îðìóëèðîâàíû äâà âàæíûõ ïðèíöèïà � ìóëüòè-

ïëèêàòèâíîñòü âèäà (â ìíîãîìåðíîì ñëó÷àå) è �èíèòíîñòü (ñîñðåäîòî-

÷åííîñòü íîñèòåëåé îêîëî óçëîâ àïïðîêñèìàöèîííîé ñåòêè) � ïðè âûáî-

ðå àïïðîêñèìàöèîííîãî áàçèñà è ÿäåðíîé �óíêöèè äëÿ êîíñòðóèðîâàíèÿ

ýêîíîìè÷íîãî âû÷èñëèòåëüíîãî (êîìïüþòåðíîãî) àëãîðèòìà ïðèáëèæåíèÿ

âåðîÿòíîñòíîé ïëîòíîñòè fξ(x) ïî çàäàííîé âûáîðêå {ξ1, ..., ξn}.
Êðîìå òîãî, â ðàáîòå ïðîâåäåí àíàëèç ðàçëè÷íûõ (â òîì ÷èñëå, ïðåä-

ëîæåííûõ àâòîðàìè ñòàòüè) ïîêàçàòåëåé êà÷åñòâà ðàññìàòðèâàåìîãî ïðè-

áëèæåíèÿ ïðè âûáîðå �îðìû �èíèòíîé ÿäåðíîé �óíêöèè K(y), èìåþ-
ùåé íîñèòåëü íà èíòåðâàëå

(

−1
2
, 1
2

)

, äëÿ èñïîëüçîâàíèÿ åå â âû÷èñëèòåëü-

íîì (êîìïüþòåðíîì) �óíêöèîíàëüíîì ÿäåðíîì àëãîðèòìå. Ýòè ïîêàçàòå-

ëè âûãëÿäÿò êàê ðàçëè÷íûå êîìáèíàöèè êâàäðàòà E
(K)
1 =

∫ +1/2

−1/2
K2(y) dy

è ¾äèñïåðñèè¿ E
(K)
2 =

∫ +1/2

−1/2
y2K(y) dy ÿäåðíîé �óíêöèè, íàèëó÷øèì èç

êîòîðûõ ïðåäëîæåíî ñ÷èòàòü ïîêàçàòåëü E
(K)
5 =

√

E
(K)
1 + E

(K)
2 .

Òåñòîâûå ðàñ÷åòû ïîêàçàëè, ÷òî, íåñìîòðÿ íà ¾ñðåäíèå¿ ïîêàçàòåëè

êà÷åñòâà ïðèáëèæåíèÿ, êóñî÷íî-ïîñòîÿííàÿ ÿäåðíàÿ �óíêöèÿ K∗
1 (y) (ñî-

îòâåòñòâóþùàÿ ìíîãîìåðíîìó àíàëîãó ïîëèãîíà ÷àñòîò [1℄) äàåò ïðèåì-

ëåìóþ òî÷íîñòü ïðèáëèæåíèÿ ïëîòíîñòè çà ãîðàçäî ìåíüøåå âðåìÿ, ÷åì

äðóãèå âèäû ÿäåðíîé �óíêöèè K(y).
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